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Introduction
Broadly speaking the ODE/IM correspondence is a link between the theory of Integrable Models in two dimensions and the spectral analysis of Ordinary Differential Equations. The approach was originated by Dorey and Tateo in Ref. [1] from the observation that the thermodynamic Bethe ansatz equations for certain 2D CFT minimal models proposed in [2] coincide with an exact version of the Bohr-Sommerfeld quantization condition for 1D anharmonic oscillator -a remarkable result due to Voros [3] [4] [5] . Very shortly the initial observation was generalized and proved in Ref. [6] . Later the ODE/IM correspondence was established for a large variety of models (for review see [7] ). However, during the next decade, all attempts to incorporate massive integrable QFT in the ODE/IM correspondence have failed. Since the work of Gaiotto, Moore and Neitzke [8] , thermodynamic Bethe ansatz equations have emerged in different contexts of SUSY gauge theories, algebraic and differential geometry [9] [10] [11] [12] . Inspired by this progress Zamolodchikov and the author have established the ODE/IM correspondence for the quantum sine/sinh-Gordon model -the model which always served as a basis for the development of the 2D integrable QFT [13] . Recently the result of Ref. [13] was extended to the Toda type QFT model [14] . It has become clear that the ODE/IM correspondence is one of the most important aspects of integrability in 2D QFT. Among open problems within the approach is how to incorporate the class of integrable non linear sigma models into the ODE/IM correspondence. In this work, we propose an example which aims to step in this direction.
We begin with the following well known fact (see e.g. Ref. [15] );
Let Σ g,n be a compact Riemann surface with n marked points ("punctures") and a 1 , a 2 , . . . a n be positive numbers such that 2 χ(Σ g ) + n i=1 (a i − 2) = 0. Then there exists a flat metric on Σ g,n with conical singularities of angle πa i at the i th puncture. The metric is unique up to homothety.
In the case of a two-sphere with three punctures the theorem's condition reads as a 1 + a 2 + a 3 = 2 , (1.1) whereas its statement is somewhat trivial. Indeed introduce a complex coordinate z and define a holomorphic differential p(z) (dz) 2 on the universal cover of Σ 0,3 by means of the following assignment for p(z):
Then the flat metric reads explicitly (ds) Here ρ stands for the homothety parameter and z i labels the punctures. Consider now the problem of constant mean curvature embedding of Σ 0,3 into AdS 3 . In this case, the Gauss-Peterson-Codazzi equation can be brought to the form of the modified Sinh-Gordon (MShG) equation 4) where the field η defines the induced metric [10, [16] [17] [18] then the solution of the generalized problem exists and is unique. We are not going to prove this statement here. Instead, we will accept it and argue that the solution of (1.4), (1.7) is related to a certain 2D integrable QFT model, where all the parameters a i , ρ and m i , as well as the restrictions (1.8) and (1.9), admit simple physical interpretations. To describe the relation between classical and quantum systems we shall need an important property of the problem (1.4), (1.7). The essential point in the formal theory of the equation (1.4) is an existence of an infinite hierarchy of one-forms, which are closed by virtue of the MShG equation only,
They are usually normalized by the condition 11) where dots in the first bracket involves terms with higher derivatives of ∂ z η and/or p(z). The one-forms are not single-valued on the punctured sphere and should be considered on the universal cover of Σ 0,3 caused by the presence of the multivalued function p(z). However, the contour C depicted in Fig.1 , loops around each puncture and p(z) acquires the same value after the analytic continuation along C. Therefore the restriction of ω 2n to C are single-valued and the integrals
(1.12)
are not sensitive to continuous deformations of the contour. A branch of multivalued function p(z) can be chosen in such a way that the conserved charges are real numbers,
We now turn to the QFT model of our interest. It was introduced by Fateev in Ref. [19] and governed by the following Lagrangian in the 1 + 1 Minkowski space
Here α i are coupling constants subject to a single constraint
In this paper, we shall focus on the case where
The derivation of (1.4) is nearly identical to the ones from textbook examples of embedding into R 3 , S 3 or H 3 (see, e.g. Ref. [17] ). However in that cases Eqs.(1.4) is substituted by ∂ z ∂zη + e 2η − p(z)p(z) e −2η = 0.
The parameter µ in the Lagrangian sets the mass scale, µ ∼ [ mass ]. We shall consider the theory in finite-size geometry, with the spatial coordinate x in ϕ i = ϕ i (x, t) compactified on a circle of circumference R, with the periodic boundary conditions
Due to the periodicity of the potential term in (1.14) in ϕ i , the space of states H splits on the orthogonal subspaces H k 1 ,k 2 ,k 3 characterized by the three "quasimomentums" k i :
The QFT (1.14) is integrable, in particular it has infinite set of commuting local integrals of motion I (+) 2n−1 , I
(−) 2n−1 , 2n = 2, 4, 6, . . . being the Lorentz spins of the associated local densities [19] : 19) where
(∂ x ∓ ∂ t ) and . . . stand for the terms involving higher derivatives of ϕ i , as well as the terms proportional to powers of µ. The constant C (n) ijk was found in Ref. [20] 20) where (x) n stands for the Pochhammer symbol. Notice that the displayed terms in (1.19) with the given C (n)
ijk set the normalization of I
2n−1 unambiguously. Of primary interest are the k-vacuum eigenvalues 21) especially the k-vacuum energy
In the large-R limit all vacuum eigenvalues I 2n−1 vanish except I 1 . The vacuum energy is composed of an extensive part proportional to the length of the system,
One of Fateev's impressive results concerning theory (1.14) is an elegant analytical expression for the specific bulk energy
.
(1.24)
The main observation of this work is that the vacuum eigenvalues can be expressed in terms of the classical conserved charges (1.12):
Here d n are constants, independent of k i and R. With the normalization conditions for q 2n−1 and I (±) 2n−1 described above, d n reads explicitly as
The parameters of the quantum and classical problems are identified as follows: 27) whereas the relation between dimensionless parameter µR and ρ is given by
Notice that the quantum integrals of motion I
2n−1 are periodic functions of the quasimomentums, and one can assume that k i takes values within the first Brillouin zone
2n−1 commute with the "charge conjugations" -the obvious symmetries ϕ i → −ϕ i (i = 1, 2, 3) of the Lagrangian, the eigenvalues (1.21) are even functions of k i . In a view of the identification (1.27), the inequality (1.29) suggests a natural domain (1.9) for the parameters m i . Although both the classical conserved charges and the eigenvalues I 2n−1 are nonsingular at
), the small-|z − z i | asymptotic (1.7) contains a subleading log log-term in this case (the so-called "parabolic point"). For this reason, the value
is excluded from the domain (1.9).
Let us recall now that the MShG equation constitutes a flatness condition for a certain sl(2)-valued connection A = A z dz + Azdz. The associated linear problem
is of prime importance for solving (1. [21] ; The ODE counterpart makes explicit the analytic properties of relevant physical quantities considered as functions of the parameters. Within the ODE/IM approach, the integrable model can be studied uniformly in different parameter regimes. In the case of massive QFT, this was explicitly demonstrated in Ref. [13] for the quantum sine-and sinh-Gordon models. In spite of formal similarity of the Lagrangians, the physical content of these models is very different from one another. However, the models can be treated uniformly within the ODE/IM approach. With only a few minor modifications one can jump from the trigonometric to the hyperbolic model. The story is repeating itself -only little modificationsà la sin/sinh-Gordon one are required to extend the above ODE/IM correspondence to the most interesting regime of QFT (1.14) with
In this regime, the Fateev model provides a dual description of the "3D-sausage" -the integrable non-linear sigma model with three dimensional target space [19] . The sigma-model regime will be the subject of a separate publication. The main purpose of this work is to present evidences in support of the relations (1.25)-(1.28) in the regime (1.16). The paper is organized as follows. In Section 2 we give an accurate definition of the conserved charges q 2n−1 and recall their relation to the flat connection. In the next section we focus on the first conserved charge q 1 . Our analysis is based on the observation that as ρ → 0 the problem (1.4), (1.7) is reduced to the problem of constructing a metric of constant intrinsic curvature on the punctured sphere. Using the results from the classical Liouville theory we derive the small-ρ expansion of q 1 . Section 4 deals with the ρ → 0 limit of the conserved charges q 2n−1 with n > 1. Finally, in Section 5 we extract the relations (1.25)-(1.28) from the comparison of the small-ρ expansions for q 2n−1 against predictions of the Conformal Perturbation Theory for the QFT (1.14). We conclude with a few remarks on a rigorous proof of the proposed ODE/IM correspondence.
In the theory of integrable models, an important rôle belongs to the concept of the YangYang function(al) [22] . It is of prime interest to the ODE/IM correspondence [23] . In this work, we use the Yang-Yang function as an auxiliary tool only to derive the small ρ-expansion of the conserved charge q 1 . Because of its own significance, we present some facts concerning the Yang-Yang function for the Fateev model in the appendix.
Conserved charges for MShG on the punctured sphere
In this section we give detailed description of the conserved charges {q 2n−1 } ∞ n=1 .
From MShG to ShG
The flat metric defines a complex structure on a punctured sphere Σ 0,3 . Since the MShG equation (1.4) is covariant under coordinate diffeomorphisms, its form can be simplified by taking advantage of conformal transformations. First of all, we can use the Möbius transformation
to convert the puncture's coordinates (z 1 , z 2 , z 3 ) to their standard values (0, 1, ∞). This brings Eq.(1.4) to the form
Then we consider the Schwarz-Christoffel mapping
which transforms the upper half plane ℑm(ζ) ≥ 0 to the triangle (w 1 , w 2 , w 3 ) in the complex w-plane (see Fig. 2 ). The lower half plane ℑm(ζ) ≤ 0 can be mapped into the triangle reflected w.r.t. the straight line (w 1 , w 2 ). If there exists a unique solution, it should respect all symmetries of the problem under consideration. In particular it should be invariant under the reflection ζ ↔ζ:η
Let D be a four-sided polygon with the vertexes located at w i = {w 1 , w 2 , w 3 ,w 3 } whose adjacent sides are glued together as it is shown in Fig. 2 to form a topological two-sphere. The overall scale of the polygon is governed by the homothety parameter ρ in Eq.(1.2). Without loss of generality we shall assume that ρ > 0, then
In this way we reformulate the original problem as a problem of solving of the ShG equation
in the open domain D with the boundary log(pp) (2.9)
should be real and smooth for all z inside D and possesses the following asymptotic behavior near the boundary,η
Definition of the conserved charges
The ShG equation (2.7) possesses an infinite set of continuity equations in the form
The functions (F 2n ,Ĝ 2n−2 ) are conventional tensor densities. They can be described as follows. Letû
where U n [û ] are homogeneous (grade(û) = 2, grade(∂) = 1, grade(U n ) = 2n) differential polynomials inû of degree n (known as the Gel'fand-Dikii polynomials [25] ), 16) and prime stands for the derivative. Thus,
where the last line shows overall normalization of the polynomials. The continuity equations imply that
are closed one-forms. Let us consider the integral 19) where C w stands for some contour in the open set D. Generally speaking, the integral depends essentially on the choice of integration contour. However, for a non-contractible loop such that the local densities come to themself when they are translated along C w , the integral is not sensitive to continuous deformations of C w . In this case q 2n−1 can be treated as a conserved charge associated with the closed one form ω 2n . In order to choose a suitable integration contour in (2.19), it is useful to make the change of variables and return to the original coordinates z andz. Using the relation 20) the integrand in (2.19) can be rewritten in terms of
which is a single-valued field on Σ 0,3 . For example, 22) and therefore, for n = 1 the integral (2.19) can written as
Here C is an image of C w under the inverse conformal transformation w = w(z). Of course, it is straightforward to perform the change of variables for any given n. We do not present explicit formulas for n > 1, just notice that 24) where the omitted terms contain derivatives of u(z).
We now note that p(z) acquires the same value after the analytic continuation along the contour depicted in Fig.1 . Therefore the integral (2.23) does not depends on a base point (an initial point of the integration path), as well as the precise shape of the contour. The image of this contour under the Möbius transformation (2.1) is the Pochhammer loop C ζ shown in Fig. 3 . Recall that the Pochhammer loop, considered as an element of the fundamental group π 1 (Σ 0,3 ), is given by the commutator of the loops γ 0 and γ 1 which wind anticlockwise around the points ζ = 0 and ζ = 1, respectively:
Also, the complex conjugated contourC ζ is homotopically equivalent to the C ζ ,
This way we can define the conserved charges by Eq.(2.19) where C w stands for the w-image (up to homotopy) of C ζ (see Fig. 3 ). One can introduce another set of conserved charges 28) and the local densities (F 2n ,Ĝ 2n−2 ) are differential polynomials inη of the degree 2n which are obtained from (F 2n ,Ĝ 2n−2 ) (2.14) by a formal substitution ∂ w → ∂w. The integral is taken over the contourC w which is complex conjugate to C w . Some explanation is in order here. Our definitions of the conserved charges suffers from an intrinsic phase ambiguity of the form e iπn(N a 1 +M a 2 ) (N, M ∈ Z) inherited from the phase ambiguity of p(z). In what follows we assume the condition For practical calculations, it is convenient to rewrite the defining relations (2.19), (2.28) in terms of the (ζ,ζ)-coordinates. Then the integrals should be taken along the Pochhammer loops C ζ andC ζ . Bearing in mind condition (2.30), it makes sense to chose the base point ζ 0 ∈ C ζ within the segment [0, 1] as shown in Fig. 3 . The values of the integrands are determined unambiguously through the analytic continuation along the integration path. This convention resolves the issue of phase ambiguity in the definitions of q 2n−1 andq 2n−1 . It also implies that the local densities (F 2n ,Ĝ 2n−2 ) are complex conjugates of (F 2n ,Ĝ 2n−2 )
Now one can understand the rôle of the phase factor e iπ(n− In the case under consideration the reflection symmetry w ↔w of the ShG equation is not broken (i.e.η(w,w) =η(w, w)), and thereforē
For this reason, we can focus on the integrals q 2n−1 only.
A generating function for the conserved charges
The MShG equation constitutes a flatness condition for the sl(2) connection
with the spectral parameter θ. The connection A = A z dz + Azdz is not single-valued on the punctured sphere. However, it does return to the original branch after the continuation along the non-contractible loop C depicted in Fig. 1 . Therefore the Wilson loop
does not depend on the precise shape of the cycle used. Apparently, W (θ) is an entire function of θ. Since the shift of the argument θ → θ + iπ can be compensated by the similarity transformation A → σ 3 Aσ 3 , the Wilson loop is a periodic function of period iπ
It is easy to see that
where
The integral does not depend z i and we can set them to the standard values (0, 1, ∞). Then the integral over the Pochhammer loop C ζ is performed using well known relation
yielding the result
The subleading terms in the asymptotic expansion defined by the conserved charges. The textbook calculation yields the following asymptotic expansions [26] : here c n =
. Thus W (θ) can be regarded as the generating function for the the conserved charges.
Notice that in the case of unbroken reflection symmetry the Wilson loop is an even function of the spectral parameter
(2.42)
3 Small ρ-expansion of the first conserved charge
Among the conserved charges, q 1 andq 1 are of special interest. Their linear combinations
can be understood as the energy and momentum of the Pochhammer string. In the case under consideration, the momentum is zero. Here we aim to explore the small-ρ expansion of q 1 .
On-shell value of the action functional
The ShG equation (2.7) as well as the asymptotic conditions (2.10) follow from the action
The first term here contains a two-fold integral 4 over the domain
depicted in Fig. 4 . It is the "cutoff" version of the naive action functional. The additional terms involve the integrals over the boundary ∂D (reg) (a union of the three closed contours C 1 , C 2 and C 3 ∪C 3 ) and field-independent "counterterms" which provide an existence of the limit. We define the on-shell action A * as a value of the functional A[η] calculated on a solution of the problem (2.7), (2.10).
It was already mentioned that the overall size of the polygon is defined by the homothety parameter ρ. As ρ → +∞ the dominating contributions to the on-shell action come from the boundary ∂D. Near the vertexes,η can be expressed in terms of certain Painlevé III transcendents. This observation allows one to determine (see, e.g., Appendix B from Ref. [23] ) the limiting value of the on-shell action
The result reads as follows where we use the notations
It makes sense to subtract the constant (3.4) from the action (3.2) and define
This function is the on-shell action normalized by the condition
We shall refer to Y = Y(ρ|{l i , α i }) as to the "Yang-Yang function" (for general explanation of this term, see Ref. [22] . In this work we closely follow the notations from Ref. [23] ).
Small-ρ expansion of the Yang-Yang function
To explore the small ρ-limit it is useful to return to the original complex coordinates (z,z) and the field η. The action (3.2) can be rewritten in the form (see Appendix A for details):
(3.9)
Here 10) whereas an explicit form of the field-independent constant A 0 is given by the equation (A.5) from Appendix A. In the vicinity of punctures one has
Therefore, assuming that 12) we may ignore the term p(z)p(z) e −2η in the functional (3.9) as ρ → 0. In other words, the small-ρ limit is controlled by the classical Liouville theory on the sphere with three punctures, and the following limit does exist for any z = z i :
(3.13)
Here the field ϕ is a solution of the Liouville equation
14)
subject of the boundary conditions
This is exactly the problem of constructing a metric of constant intrinsic curvature ds 2 cic = e ϕ dzdz (3.16) on the sphere with three punctures. The total intrinsic curvature is given by
Since m i obey inequality (3.12), then −2π < Σ 0,3 K < 0. Therefore the solution exists and defines a metric of constant negative Gaussian curvature on Σ 0,3 . The corresponding on-shell value of the Liouville regularized action was calculated in Ref. [24] . Using this result it is straightforward to derive the small-ρ behavior of the Yang-Yang function (3.7) (see also the end of Appendix A for some technical details):
Here
and the ρ-independent constant is expressed in terms of the function F (3.6),
Eq.(3.18) shows the nature of singular behavior at ρ → 0. Notice that the term p(z)p(z) e −2η
in the action (3.9) can be treated as a uniformly bounded perturbation ∝ ρ 4 , as far as the condition (3.12) is fulfilled.
5 Thus, the Yang-Yang function (3.7) admits the small-ρ expansion of the form
Infinitesimal homothety of the flat metric of punctured sphere
The variation of the action under infinitesimal perturbations of the moduli of the flat metric on Σ 0,3 do not vanish on-shell. They can be expressed in terms of the stress-energy tensor. Here we focus on the infinitesimal homothety.
For an infinitesimal dilation The calculation outlined in Appendix B yields the formula which expresses the difference in the bracket in Eq. (3.22) in terms of the conserved charge q 1 =q 1 and the circumdiameter d of the triangle (w 1 , w 2 , w 3 ) in Fig. 2 :
Eq.(3.8) implies that F is normalized by the condition
It is easy to see that F can be represented in a form (3.27) and the small-ρ expansion (3.21) yields
The first coefficient in this series is simply expressed in terms of the Liouville field ϕ (3.13),
An explicit analytical expression for ϕ can be found in Ref. [24] (see Eqs.(4.1)-(4.5) therein).
4 Small-ρ limit of q 2n−1 for n > 1
It is instructive to verify this result using the original definition (2.23).
The limiting value of the field η is expressed in terms of the solution of the Liouville equation. Therefore as ρ → 0 the field u(z,z) turns to be a holomorphic component of the Liouville stressenergy tensor:
In the case of the sphere with three punctures (3.15) the holomorphic fields T L (z) has the form
This imposes three linear relations on c i which determine them uniquely,
6 Notice that, as it follows from the MShG equation,
Combining Eqs.(2.23) and (4.2), one gets
where the contour is shown in Fig. 1 . Let z 1 < z 2 < z 3 , then the base point of C should be taken inside the interval [z 1 , z 2 ], whereas the branch of the multivalued function p(z) is determined by the condition (2.29). With this convention, the integral does not depend on z i and we can set them to be (0, 1, ∞). Then using relation (2.39), one easily reproduces Eq.(4.1).
For n > 1, the leading small-ρ behavior of q 2n−1 can be obtained similarly. The calculations are elementary but rather cumbersome. For example, for n = 2, the result can be written in the form
where the numerical coefficients E i , E ij and H i are given by
In these equations (i, j, k) represents any permutation of the numbers (1, 2, 3) . It is much easy to establish the following general structure,
where R n stand for polynomials in the variables
The dots here represent the sum of monomials of degree lower than n. It is not difficult to calculate the highest coefficients for any n,
. (4.10)
Identification of the parameters
We are now in position to relate the parameters of the problem (1.4), (1.7) and the couplings of the Lagrangian (1.14). As it was mentioned, the Fateev model has infinitely many local integrals of motion. The displayed terms in Eq. 2n−1 . In the CFT limit, i.e. at µ = 0 in the Lagrangian (1.14), these functions become polynomials in k i of the degree n, 7 and the normalization in (1.19) is such that at µ = 0 we have
The polynomials are known explicitly for n = 1, 2, whereas the constant C (n)
ijk is known for any n and given by Eq. (1.20) . All these results were obtained in Ref. [20] . In a view of Eqs.(4.1), (4.6)-(4.10), they are all in agreement with the proposal (1.25), provided that the identification (1.27) and the relation involving the normalization constant d n ,
are imposed. To find the relation between ρ and the dimensionless parameter µR, let us consider the small-R expansion of the finite-volume energy (1.22) . A brief inspection of the Lagrangian (1.14) reveals that
Here the first term is dictated by the simple Gaussian model underlining the CFT limit with the effective central charge
The general structure of the short distance expansion follows from the fact that the potential term in the Lagrangian (1.14) is a uniformly bounded perturbation for any finite value of the dimensionless parameter µR. Therefore the Conformal Perturbation Theory can be applied literally and yields an expansion of the form (5.3) with coefficients e n are expressed in terms of certain 2D Coulomb-type integrals. The large-R behavior of (5.3) is defined by the specific bulk energy (1.23), (1.24) . Eqs.(3.26)-(3.28) strongly suggest the following identification
This is, in fact, the first line in (1.25), provided that 1 2 µR coincides with ρ and the coefficients e n in expansion (5.3) are simply related to the coefficients y n from the small-ρ expansion of the Yang-Yang function (3.18), 
In order to explain the meaning of the lengths of the sides |w i − w j | (2.6) in the Fateev model, let us recall some facts concerning the factorizable scattering theory associated with this QFT. All the details can be found in Appendix F in Ref. [27] . The spectrum consists of three quadruplets of fundamental particles 8) with the masses
and their bound states. (Here the relation a i = 4α 2 i is assumed to hold.) The ZamolodchikovFaddeev commutation relations for the fundamental particles read 10) where (i, j, k) = perm(1, 2, 3) and
Also S a (θ) stands for the conventional S-matrix in the quantum sine-Gordon theory [28] with the renormalized coupling constant a, related to the Coleman coupling β It is easy to see that the µ − ρ relation implies that the dimensionless parameter 1 4 RM 0 is the circumdiameter of the triangle w 1 w 2 w 3 from Fig. 2 , whereas 1 4 R M i are given by the lengths of the corresponding sides:
Concluding remarks
This work did not aim to achieve rigorous derivation of the ODE/IM correspondence. The goal was to propose a meaningful relation between a certain problem for the MShG equation on the one hand, and the Fateev model on the other. Forwarding can be performed along the following line.
Having at hand Eqs.(5.10), it is not hard to guess the Non Linear Integral Equations (NLIE) [30, 31] associated with this factorizable scattering theory. In fact, the system of NLIE was already proposed by Fateev in his unpublished work [32] . Unfortunately, it still lacks the first principle derivation, say, from the lattice. 9 Nevertheless it would be important to confirm Fateev's NLIE from the ODE side. The part of the work was already done by Bazhanov. In order to explain the main result of the unpublished paper [34] , let us consider the auxiliary problem (1.30), (2.34). As is well known, this matrix system can be reduced to second order linear differential equations. One can write general solution of (1.30) as
where ψ andψ solve the equations
Let us focus on the first equation in (6.2). This form is convenient for taking the limit ρ → 0, when the field u(z,z) turns to be the holomorphic component of the Liouville stress-energy tensor T L (z) (4.3). The function p(z) (1.2) contains the small parameter ρ 2 as an overall factor, which can be absorbed by a suitable shift of the spectral parameter. Thus we define the new parameter κ = ρ e θ (6.3) and will keep it fixed as ρ → 0. This yields the ODE
5) 9 In the limiting case α 2 3 = 0 (the so called Bukhvostov-Lipatov model) the NLIE were derived from the coordinate Bethe Ansatz in Ref. [33] . subject to the following constraints imposed on the parameters
In the case κ = 0 the equation turns out to be Riemann's differential equation. By the simple change of variables and parameters, the ODE (6.4) can be reduced to the form used in Ref. [20] . Some particular cases of this equation were studied in a series of works on integrable models of boundary interaction [35] [36] [37] . Eq.(6.4) was the starting point of the work [34] . Bazhanov derived a system of integral equations for certain connection coefficients of the ODE (6.4). It occurs to be identical to Fateev's NLIE taken at the CFT limit. Needless to say that the limiting form of the NLIE differs from the general one by the source terms only. In all likelihood the original Bazhanov derivation can be adapted to the massive case.
Combining this result with (A.5), one founds
as ρ → 0. Finally, using the formula (3.5) for the constant A * ∞ , one obtains Eq.(3.18).
B Scalar potential for the stress-energy tensor
Here we aim to obtain some useful identities involving q 1 andq 1 . The conserved charges q 1 andq 1 can be expressed in terms of the conventional stress-energy tensor associated with the ShG equation The integration contour here can be chosen to be a union of oriented segments as shown in Fig.3 . It is straightforward to express the integral as a sum of the discontinuities Using (B.7), the w.h.s. of (B.11) can be rewritten in terms of the conserved charge q 1 =q 1 and the circumdiameter d of the triangle (w 1 , w 2 , w 3 ) (see Fig. 2 and Eq.(2.6)). This yields Eq.(3.25).
C Reflection amplitude
Here we discuss the variations of the Yang-Yang function with respect to the parameters l i . Varying the action (3.2) with the use of the on-shell condition δA| l i ,ρ,a i −fixed = 0, one easily derive the relation It should be stressed that unlike l i , which are "input" parameters applied with the problem, the values of the constantsη i are not prescribed in advance but determined through the solution, i.e. it is rather part of the "output". Let us define 
